W) Check for updates Advances in
Mechanical
Special Issue Article E N g INneerin g

Advances in Mechanical Engineering
2017, Vol. 9(8) 1-8

Analysis of a new model of HINI DO 1011711€8781 4017705566
. . journals.sagepub.com/home/ade
spread: Model obtained via ©SAGE

Mittag-Leffler function

Badr Saad T Alkahtani', llknur Koca? and Abdon Atangana®

Abstract

In the recent decades, many physical problems were modelled using the concept of power law within the scope of frac-
tional differentiations. When checking the literature, one will see that there exist many formulas of power law, which
were built for specific problems. However, the main kernel used in the concept of fractional differentiation is based on
the power law function x* It is quick important to note all physical problems, for instance, in epidemiology. Therefore,
a more general concept of differentiation that takes into account the more generalized power law is proposed. In this
article, the concept of derivative based on the Mittag-Leffler function is used to model the HINI. Some analyses are
done including the stability using the fixed-point theorem.
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Introduction and others. However, all these problems for which this
concept was applied do not necessarily follow the
power law based on the function x~*. Here is the failure
of the power law function x™ in statistics, a power law
function x~* has a well-defined average over a range of

In the last decade, it was found that many physical
problems’ behaviour follows the power law. Also, some
powerful methods and mathematical models are shown

in the1 gractional order concept from .all over the [1,0¢] only if &>2 and it has finite variance only when
world.” > However, for a specific physical problem,

: . >3, but most applications of fractional differentiation
there is a corresponding power law that can be used to
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. g 610 are done only when 0<a<1."" To further broaden

%:ls.cnbe t?e t;gture ?ehawour 10f th.e ot:bser\(/ieq fact. the scope of fractional calculus, Caputo and Fabrizio
is application of power law is found in many
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suggested a fractional derivative based on the exponen-
tial decay law which is a generalized power law func-
tion. However, many other researchers testified that
the Caputo—Fabrizio operator is nothing more than a
filter with a fractional regulator. They based their argu-
ment upon the fact that the kernel used in this design is
not non-local; in addition, the integral associate is the
average of the given function and its integral. In many
solutions of the fractional differentiation based on the
power law x*, the Mittag-Leffler function is mostly
present. The Mittag-Leffler function is of course the
more generalized exponential function; in addition, it is
also a non-local kernel.'"'* To solve the failures of the
Caputo—Fabrizio derivative, the fractional derivative
based on the Mittag-Leffler function was introduced
and used in some new problem with great success.'>!°
It is important to know that where the power based on
x~* function relax then raise the Mittag-Leffler func-
tion more complex problems. In this article, we apply
the newly established derivative with non-singular and
non-local kernel by Atangana and Baleanu to model
the spread of influenza.

New fractional differentiation based on
Mittag-Leffler function

We present in this section the novel fractional opera-
tors based on the Mittag-Leffler function. The novel
fractional derivatives are known as Atangana—Baleanu
fractional derivative in Caputo sense (ABC) and
Atangana—Baleanu fractional derivative in Riemann—
Liouville sense (ABR). These definitions can be found
in the study of Atangana and colleagues;'"'* we shall
therefore present the definition as it is in the initial
work. 12

Definition 1. Let f € H'(a,b), b>a and « € [0, 1], then
the definition of the new fractional derivative (ABC) is
given as

e jf’(x)Ea e e

ABC na

D t)) =
a t (f( )) 1 —«

In their work, they clarified that the function B has
the same properties as that of Caputo and Fabrizio’s
definition.

Definition 2. Let f € H'(a,b), b>a and « € [0, 1], and
not necessarily differentiable, then the definition of the
new fractional derivative (ABR) is given as

B(f) djf() a[— (t_x)a} & (2)

RDE(f(1) = 2

Definition 3. The fractional integral associate to the new
fractional derivative with non-local kernel is defined as

t

Jf(y)( — ) ldy

a R
PEVOY = 57O 3w

(3)

Here also they reported that when alpha tends to
zero, the initial function is obtained, and when alpha

tends to 1, the classical integral is obtained.'!"!

Analysis of existence and unicity of the
new system

Let us redefine the classical model of N1H1 spread by
replacing the time derivative by time fractional deriva-
tive, and we shall recall that the reason for the modifi-
cation has been presented in the ‘Introduction’ section.
Nevertheless, it is important noting that the concept of
local derivative that is used to describe the rate of
change has failed to model accurately some complex
real-world problems. Due to this failure, the concept of
fractional differentiation based on the convolution of
x~% was introduced, and also failed in some cases due
to the disc of convergence of this function. The Mittag-
Leffler function, that is the more generalized version,
can therefore be used in order to handle more physical
problems

gE@) + 1(f) + A(?)

oPCDES(t) = — BS() NG)

srepretn = psio O A0 oty
ABCDa](t) = pSE(t) — yI(¢) @
aBEDEA(f) = (1 — p)SE(t) — v,A(?)

SPEDIR(t) = yiI(1) + v,A(0)
0CDC(t) = pdE(t)

A very important fact in differential calculus is to
prove the existence and the uniqueness of the solution
of a given problem; therefore, in this section, we aim to
prove the existence of solutions for the new model. The
system state is made up of S, E, I, 4, R, C. The constants
used in this model are the same like in Tan et al.?® The
above system is equivalent to Volterra type, where the
integral is that of Atangana—Baleanu fractional inte-
gral. We shall recall that the Atangana—Baleanu frac-
tional integral of a function f(¢) is the average of the
function f(¢) and the Riemann—Liouville fractional inte-
gral. The proof is shown in theorem 1.
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Theorem |. The following time fractional ordinary
differential equation

SEED(f (1)) = u(r) — u(0) (5)

has a unique solution which takes the inverse Laplace
transform and uses the convolution theorem below'?

t

fO)—f®)=‘%é§u0)+'E@g%gsjuth—yf*%W

(6)

With the theorem above, the system is equivalent to
the following

50— 10 = s PO A0Y

+ mja—y}”‘{—BS@)W} dv

50 - () = 2 {5 2O TAO g}

+ mja—y}”'-{—BS@)W—M@)}@
I(t) — g3(t) = m{péE() rl ()}

+ mja — ) HPSE(y) — i1 (¥)}dy

A(t) — ga(0) = m{(l —PIE(t) — v, A1)}

t

" B(a;xI‘(a) J (t =" (1 = pOE(y) — 7,40} dy

R(t) — gs(t) = {71 (1) + 140}

t

@ a—1
; mj(z—y} InI() + 7A0)}dy

t

a .
ml(f — )" YpSE(y)}dy
(7)

A possibility of converting the above system to itera-
tive routine is given below

() — go(t) = —— {pAE(N)} +

B()

So(t) = g1(9)
Eo(t) = g2(0)
[O(t) = g3(t) (8)
Ao(t) = ga(t)
Ro(?) = gs(t)
Co(1) = g6(?)

qE, (1) + L(1) + An(t)}

{BS() N,

Sn+ l(t) 1B( )

o _ooe—1) qEn(y) + 1, (y) +4 (y)
T B—(a)r(a)i( ») { BS,() } y

Na(y)

9)

Spa1(t) = ){ BS()%W}
B(oz)F( ) _y)ail{_ﬁs”(y) e +1\; g)) T (y)} y
Eyir(0) = B( ) { s, ) +]é((tt)) +A"(I)78E,,(t)}
: B(a;*mjgy)w{ﬁsn@)q'w O A )
i) = B( ) M)
+ WJ (t = )" {PSEA(y) — yilu(y) }dy
o

A1) = S = POEL(D) ~ 120}
+ mj@ = H1 = pBEA(Y) — yada()}dy

n + l(t) ( ) + ’YZAH(I)}

B( ) {'Yl
+ ml = YN (y) + V24,()}dy
Co1(0) = A(tfy)“"{pﬁEn(y)}dy

Lo ek, (1)) +

B(a) B(a)I'(a) !

Taking the limit for a large value of n, we expect to
obtain the exact solution.

Using Picard—Lindelof approach to check the
existence

The proof is reached if one considers the following
operator

qE(t) + 1(t) + A(?)

fiten = = Bs T

At = s 0TI AO o

£5(t,%) = pSE(t) — y,1(1) (10)
Ja(t,%) = (1 = pIOE(t) — 1,4(0)

f5(t,x) =y 1(t) + y,A(1)

Jo(t.x) = pOE(1)

It is clear that £}, £, /3, f4,f5.f6 are contraction with
respect to x for the first function, y for the second func-
tion, z for the third function and p, r, s are fourth, fifth,
and sixth functions, respectively.
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Let us consider

Ny = sup|fi(t )],

Ny = supl|fa(z, )

Ca,b, Ca,by
M= swplfial, Ne=swlAeol )
Ca.bs by
Ns = sup|[fs(t,r)ll,  Ne = sup|[fs(t, )|
Ca,ps Ca,bg
where
Cup =[t—a,t +a]X[x—by,x+ b)) =4 XB;
Cop, = [t—a,t+a|X[x—by,x + b)) = 4, X B,
Cup, =[t—a,t +a] X[x—bs,x+ bs] =4, XB; (12)
Cup, = [t—a,t +a] X [x — by, x + by = A1 X By
Cups =[t—a,t +a] X [x—bs,x + bs] = A, X Bs
Cap, = [t —a,t +a] X [x — bg,x + bg] = A1 X Bg

However, the fixed-point theorem of Banach space
can be employed here together with the metric for our
set of equations by inducing the uniform norm as

If Dl = suplf (@]

tet—a,t + daj

(13)

The next operator is defined between the two func-
tional spaces of continuous functions, and Picard’s
operator is defined as follows

O :C(A,B,, B>, B3,B4,Bs,Bs) — C(A1, By, By, B3, B4, Bs, Bs)

(14)
Defined as follows
oX(t) = 3 ( )
N § (15)
+ m](f =" FQ@, X()dy
0
where X is the given matrix
S(1) gi1(9) Sit,x)
E@) &2(9) Sa(t,x)
S R
R(1) gs(?) S5(t,x)
C(®) g6(?) Jo(t,x)
(16)

Due to the fact that there is no disease that is able to
kill the whole world population, also the fact that the
number of targeted population is finite, we can assume
that all the solutions are bounded within a period of
time

Ix(?)]|.. < max{by, by, b3, b4, bs, be} (17)

10X () — X

t

[( Y (5, X()dy

l—a
= ||[F(@t, X (1) Ba) + B(a)F(a)

t

el
S | €= IFe X oDl

0

11—
<
_B()

1-—
< B( )N max{Ny, N2, N3, N4, N5, No }

—Na <aN <b = max{bl,bz,b3,b4,b5,b6}
B(a)

(18)
Here, we request that
a<—
N
We next evaluate additionally the following
|01 - 0%, = suplxi — x| (19)
te

With the definition of the defined operator in hand,
we produce the following

{F(t,X\(t)) — F(t, X2(1))} ﬁ

W b ] FAX(D)
* @] ¢~ 1{—F(1,Al’2(1))}dl

(20)

loX) — OX;|| =

1 -

< —— Ba) CIF@ X)) — F6, X%0)]

t

o e
: WJ =y IFCX0) = P 0Dy

gg(ﬂmm Xa(0)|
a—1
B( )F( )J(;—y) 1X1() — X () ||dy

| — aga”
S{me+mmnm%xm_%@|
<aq|lX;(t) — X@1)|
(21)

where g<1. Since F is a contraction we have that
ag<1, the defined operator O is a contraction too.
This shows that the system under investigation is a
unique set of solution.
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Obtention of specific solutions via
iteration approach

Since the extended model is nonlinear, it is sometimes
difficult to have it solved using analytical method;
therefore, the need of an iterative approach is impor-
tant. The method based on integral transform and
iterative method will be used here to obtain a particular
set of solutions for the extended model. The integral
transform used here is the well-known Sumudu trans-
form operator which has the properties of keeping the
parity of the function. The following theorem is needed
for further investigation, and the initial introduction of
this theorem can be found in the study of Atangana
and Koca."?

Theorem 2. Let f € H'(a,b), b>a and a €[0,1], the
Sumudu transform of ABC is given as'?

B(a)

l —«

ST{" DI ()} =
! (22)
(ol + DB ) ) 5760 10

Proof. Proof of the theorem can be found in the study
of Atangana and Koca.'?

To solve the above system (4), we apply the Sumudu
transform of the Atangana—Baleanu fractional deriva-
tive of f(¢#) on the system with both sides. Then, we
obtain the below set

IB(_“i (aF(a + ) — p“)) ST(S(1)) — S(0)) = ST{—,BS(t) U ]\;((tt)) i A(’)}
B (“) (ar(a + ) — —p“)) ST(E(t)) — E(0)) = ST{,BS(t) gE@ + ]\f((;)) A0 _ BE(t)}
5 (“ (ar<a + DEal — —p“>) ST(I(1)) — 1(0)) = ST{pSE(r) — y,1(1)}
IB e (aF(a + DEL( —p“>) ST(A() — A(0)) = ST{(1 — PIE(1) — 1,A(1)} (23)
P (0T + DEC= ) ) STRO) = RO) = ST + 3:40)
PO (e + DELC- ) ) STIC0) - CO) = ST(3E(0)
Rearranging, we obtain following inequalities where A = — L
qE(?)

STSW0) = SO) + gt (; ;T)Ea(xpa)) ST —BS(t)W

STU@) = 10) + 5 (ar(; ;T)Ea ) ST{pSE(t) — y,I(t)} (24)

STOO) = 40) + s s ST{(1 = pIBE(D) = 1A ()

]l -«

ST(R(f)) = R(0) +

ST(C(t)) = C(0) + i

B(a)(al'(a + DEL(\p?))

ST{v\1(t) + v,4(0)}

We next obtain the following recursive formula

B(a)(al'(a + DEa(\p®))

ST{pSE(t)}
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S1e10 = 5,0 + ST g e DB )

Ey1(1) = Ex(0) + ST 1{B(oz)(ozl“(a + DEL(Ap?)) {

l —«

b1 = 5O + ST {B(a)(ar(a + DEL(\p®)) STAPOE, (1) = 71]”@}}

A+ 1(0) = 4,(0) + ST {B(a)(ar(a + DE.(\p®))
|-«

_ -1
Ry 1(f) = Ry(0) + ST {B(a)(ar(a + DEL(\p®))

]l -«

Co+1(0) = Gu(0) + STI{

And the solution of equation (25) is provided by

S(0) = lim 8,(1)
E() = lim E,(1)
1) = lim 1,00

A = lim 4,(0)
R() = lim R,(0)
Cn = lim G,(0)

Application of fixed-point theorem for stability
analysis of iteration method

Let (X, || - ||) be a Banach space and H a self-map of X.
Let y,+1 = g(H,y,) be particular recursive procedure.
Suppose that F(H) is the fixed-point set of H and has
at least one element and that y, converges to a point
p€E€F(H). Let {x,}JCX and define e, =|x,+1—
g(H,x,)|. If 51rr01o e" = 0 implies that 31rrolc x" = p, then

the iteration method y, + 1 = g(H,y,) is said to be H-
stable. Without any loss of generality, we must assume
that our sequence {x,} has an upper boundary; other-
wise, we cannot expect the possibility of convergence.
If all these conditions are satisfied for y,+ = Hy,
which is known as Picard’s iteration, consequently, the
iteration will be H-stable. We shall then state the fol-
lowing theorem.

Theorem 3. Let (X, || -||) be a Banach space and H a
self-map of X satisfying

HHx _HyH < CHX _H\f” + CH)C _y”

_BSn(t)

qE,(t)
+ L,(t) + 4,(t)
N(t)

BS,(£) qE (1) +1\2((tt)) + A4,() } }

—8E, (1)
(25)

ST{(1 = pIOE, (1) mm}}

ST{nb () + VZAna)}}

B@(al(a + DE.(w™) ST{p5En(t)}}

[
for all x,y in X where 0 <C, 0<c¢<1. Suppose that H
is Picard’s H-stable.’!

Now, we consider the recursive formula (25) with (4)
below

qE,(t)
- —1 + L,(t) + A4,(¢)
Su1(6) = $,(0) + ST 3 & ST =S () — =
Ey+1() = Ey(0) + ST {(D : ST{ BSH(O =T }}
—8E,(t)
Iy +1(1) = 1,(0) + ST '{® - ST{pSE, (1) — vi1,(1)}}

A+ 1(8) = 4,(0) + ST {® - ST{(1 — p)SE, (1) — v,4u(1)}}
Ry 1(8) = Ry(0) + ST {® - ST{y,1,(1) + v,4,(1)}}
Cy+1(f) = C,(0) + ST~ D - ST{pSE,(¢)}}
(27)

where @ = B@)(al(a T DE0

multiplier.

) is the fractional Lagrange

Theorem 4. Let H be a self-map defined as

GEq(1)
HS,0) = Sy 1) = S, + ST & 57 —ps, ()20 A:(0)
N, (1)
E, (1) + L,(1) + 4,(1)
H(E,(1)) = Ey+1(f) = E,(t) + ST {@ . ST{ SO =TR0 }}
—8E,(t)

H(I,(0) = Iy 1(0) = L) + ST™{® - ST{pSE, (1) — viT.()}}
H(Ay(1) = Ay +1(1) = A,(1) + ST{® - ST{(1 = p)SE, (1) — v24u(D}}
H(R,(0)) = Ry +1(2) = Ry(®) + ST™H{® - ST{y, 1,(t) + 7,440} }
H(Cy(1) = Cy+1(2) = Co(t) + ST {® - ST{pSE,(1)}}

(28)
is H-stable in L'(a, b) if
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1 (Su(®) — HESn)| < [IS2(5) — Su(@)|(1 — BC(O))

IH(En(0) — HEnO)|| < [|[E(®) — En(OI(1 + Bd(©) — 5e(O))
I1HIn() = HInO)|| < 1a()) — Ln(OII(1 + f(©)pd — g(©)1)
1H(A4n(0) — H(An )] < [[4a(®) — An(@OII(1 + (1 = p)SA(O) — 7,(©))
1HRA(5) = HRuO)]| < [[Ra(®) = Ru(D[|(1 + ,4(O) — 2k(©))

1 (Ca(0) = H(Cu(D| < 1 Cal®) = Cu()[|(1 + pdr(©))

(29)

Proof. The first step of the proof shows that H has a
fixed point. To achieve this, we evaluate the following
for all (n,m) € NXN

H(S,(t)) — H(Su(1)) = Sp(t) — Su(?)
qE,(1)
+ L,(t) + A4,()

+ ST ®-ST
N, (1)

_BSn(t)
(30)
qEn(t)

+ 1,(f) + A4,,()

—SsTUd.sT
S S No)

_BSm(t)

Let us consider equality (30) and apply norm on
both sides and without loss of generality

|H(S,(#) — H(Su(®))|| =
Sn(t) - Sm(t)
qE. (1)
+ I,(t) + A,(2)
N.()
qE (1)

+ Ln(@) + An()
Nin(1)

—BSa(1)
+ST~1 @ - ST

- _BSm(t)

(31)

S ||Sn(t) - Sm(t)”
+ ||ST D - ST{-BSDKA(1) + BSu(DKn(D}}

(32)
where
K,(f) = gE,(t) + L,(t) + 4,(2)
Na(8) (33)
K (5 = En®) T In() + An(0)
)= N(0)

Because N,(f) and N, (¢) are total population size, we
can consider equality as below

1H(Su(0)) = H(Sn)|| < [1Sa(2) = Sm(®)]|(1 — BC(©))
(34)

where C(®) is the ST~'{® - ST}. With same idea, we
have following

IH(En®) — HEn )| < |En(®) — En)|(1 + Bd(O) — 5¢(©))

1H (1n(0)) = HUn(O)| < 1a(0) = Ln||(1 + £ (©)pS — g(©)y))

|1 H(A4n(®) — HAnO)|| < [4a(®) = An@II(1 + (1 = p)5h(®) — 7,7(©))
1HRu(®) = HRu()| < |Ru(®) = Ru@[|(1 + 7,4(O) — 7,k(©))
1H(Cu(0)) = H(Cu@)] < ICa()) = CuDI|(1 + por(©))

(35)

This completes the proof.

Conclusion

Many epidemiological models aim to describe compli-
cated physical problems. To explain the spread of a
given sickness, modellers use the concept of differentia-
tion to predict the future behaviours of the spread.
However, in the last passed years, many researchers
rely on the concept of rate of change that is based on
the Newton law. Other researchers make use of the con-
cept of power law that is based on the concept of frac-
tional differentiation. The fractional differentiation was
introduced to model some complicated physical aspect;
however, they have been found not quite efficient when
modelling the spread of some diseases. Recently, due to
the application of the Mittag-Leffler function in many
fields of science and engineering, the fractional differen-
tiation based on the generalized Mittag-Leffler function
was constructed, and some applications were made with
great success. In this work, we have extended the model
of HINI to the concept of fractional differentiation
based on the Mittag-Leffler function. We studied the
existence of the generalized model using the fixed-point
theorem. We presented the derivation of the solution
using the Sumudu transform, and the stability analysis
of the method is validated via the ¢-stable approach.
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